ABSTRACT. We study geometric properties of compact stable minimal surfaces with boundary in homogeneous 3-manifolds X that can be expressed as a semidirect product of R 2 with R endowed with a left invariant metric. For any such compact minimal surface M , we provide a priori radius estimate which depends only on the maximum distance of points of the boundary ∂M to a vertical geodesic of X. We also give a generalization of the classical Rado's Theorem [30] in R 3 to the context of compact minimal surfaces with graphical boundary over a convex horizontal domain in X, and we study the geometry, existence and uniqueness of this type of Plateau problem. Mathematics Subject Classification: Primary 53A10, Secondary 49Q05, 53C42.
Introduction.
In this paper we study the geometry of compact minimal surfaces with boundary in homogeneous manifolds diffeomorphic to R 3 . By classification, each such homogeneous manifold X is a metric Lie group, i.e., a simply connected 3-dimensional Lie group equipped with a left invariant Riemannian metric , . For such an X there are two possibilities; either X is isometric to the universal cover of the special linear group SL(2, R) endowed with some left invariant metric, or X is a metric semidirect product. By definition, a metric semidirect product X = R 2 A R is given as a Lie group (R 3 ≡ R 2 × R, * ) together with a certain left invariant metric (its canonical metric, see Definition 2.1), where the product operation * is expressed in terms of some real 2 × 2 matrix A ∈ M 2 (R) as (p 1 , z 1 ) * (p 2 , z 2 ) = (p 1 + e z 1 A p 2 , z 1 + z 2 ); see Subsection 2.1 for more details. When trace(A) = 0, X is a unimodular semidirect product; typical examples of Riemannian manifolds in this situation are the Euclidean space R 3 , the Heisenberg space Nil 3 or the solvable Lie group Sol 3 with its usual Thurston geometry. When trace(A) = 0, we obtain the non-unimodular semidirect products, among which we highlight the hyperbolic space H 3 and the Riemannian product H 2 × R. The geometry of minimal surfaces in homogeneous 3-manifolds of non-constant sectional curvature has been deeply studied in the last decade, specially in the case that the isometry group of the homogeneous manifold has dimension four. To indicate just a few relevant works in this area, we may cite [1, 2, 3, 4, 5, 6, 11, 12, 17, 26, 31, 33, 35] . An outline of the beginning of the theory of constant mean curvature surfaces in homogeneous 3-manifolds with a 4-dimensional isometry group can be consulted in [7, 13] .
For the generic, non-symmetric case of homogeneous 3-manifolds with an isometry group of dimension three, the theory of minimal surfaces is less developed. For some works dealing with this more general situation, see e.g., [8, 9, 10, 14, 15, 16, 19, 20, 21, 24, 27, 29] . For an introduction to the geometry of general simply connected homogeneous 3-manifolds, see [21] .
In this paper we develop some aspects of the theory of compact minimal surfaces with boundary in metric semidirect products X = R 2 A R. We shall be specially interested in the geometry, existence and uniqueness of solutions to the Plateau problem for graphical boundaries on convex domains of R 2 A {0}, and on estimating the radius of compact stable minimal surfaces with boundary in metric semidirect products. We recall that the radius of a compact Riemannian surface M with boundary is the maximum distance of points in the surface to its boundary ∂M .
An important classical result of Rado [30] states that a simple closed curve Γ in R 3 that has a 1-1 orthogonal projection to a convex curve in a plane P ⊂ R 3 , is the boundary of a minimal disk of finite area that is a graph over its projection to P , and furthermore, any branched minimal disk in R 3 with boundary Γ has similar properties. Other classical Rado type results for minimal surfaces in R 3 were obtained in [18, 28] . In Section 3 of this paper we will extend Rado's theorem to the context of minimal surfaces in metric semidirect products; see Theorems 3.1 and 3.3.
In Section 4, Theorems 3.1 and 3.3 are used to study the geometry of compact minimal surfaces Σ in a non-unimodular semidirect product, such that Σ is the boundary of a round Euclidean circle in R 2 A {0}; namely we prove that as the radius of such a circle goes to infinity, then the angles that Σ makes with R 2 A {0} along its boundary circle converge uniformly to π/2; see Theorem 4.1 for a generalization of this result and also see the related application given in Corollary 4.3 to the existence of a minimal annulus bounded by two circles in R 2 A {0} of large radius, so that these circles can be taken arbitrarily far away from each other. All of these results are then applied in Section 5 to obtain radius estimates of compact minimal surfaces with boundary in metric semidirect products X = R 2 A R, as we explain next. Given A ∈ M 2 (R), any vertical line Γ = {(x 0 , y 0 , z) | z ∈ R} in X = R 2 A R is a geodesic of X (endowed with its canonical metric), which we call a vertical geodesic. By a metric solid cylinder of radius r > 0 in X around Γ we mean the set of points W(Γ, r) in X whose distance to Γ is at most r. With these definitions in mind, the next theorem summarizes another main result of the paper. THEOREM 1.1. Let X = R 2 A R be a metric semidirect product, and let W(Γ, r) be a solid metric cylinder in X of radius r > 0 around a vertical geodesic Γ. There exists some R = R(r) > 0 such that if M is a compact, stable minimal surface in X whose boundary ∂M is contained in W(Γ, r), then M has radius at most R. In particular, there are no complete stable minimal surfaces contained in W(Γ, r). Theorem 1.1 will be proved in Section 5; see Theorem 5.6. Another tool used to prove Theorem 5.6 is Proposition 5.4, where we will construct a certain family of mean convex solid cylinders over appropriately defined ellipses in non-unimodular metric semidirect products with positive Milnor D-invariant. For this and other purposes, we will prove in the Appendix a few additional technical results about the geometry of these metric semidirect products.
Background material on 3-dimensional metric Lie groups.
This preliminary section is devoted to state some basic properties of 3-dimensional Lie groups endowed with a left invariant metric that will be used freely in later sections. For details of these basic properties, see the general reference [21] .
Let Y denote a simply connected, homogeneous Riemannian 3-manifold, and assume that it is not isometric to the Riemannian product of the 2-sphere S 2 (κ) of constant curvature κ > 0 with the real line. Then Y is isometric to a simply connected, 3-dimensional Lie group G equipped with a left invariant metric , , i.e., for every p ∈ G, the left translation l p : G → G, l p (q) = p q, is an isometry of , . We will call such a space a metric Lie group, X = (G, , ). When X is simply connected, there are three possibilities:
• X is isometric to the special unitary group SU(2) with a left invariant metric. This is the only case in which X is not diffeomorphic to R 3 , and the family of left invariant metrics is 3-dimensional.
• X is isometric to the universal cover SL(2, R) of the special linear group, equipped with a left invariant metric. Again, there is a 3-dimensional family of such metrics.
• X is isometric to a semidirect product R 2 A R equipped with its canonical metric, which is the left invariant metric introduced in Definition 2.1 below. In this third case, the underlying Lie group is (R 3 ≡ R 2 × R, * ), where the group operation * is expressed in terms of some real 2 × 2 matrix A ∈ M 2 (R) as (2.1) (p 1 , z 1 ) * (p 2 , z 2 ) = (p 1 + e z 1 A p 2 , z 1 + z 2 );
2.1. Semidirect products. Consider the semidirect product R 2 A R, where
Then, in terms of the coordinates (x, y) ∈ R 2 , z ∈ R, we have the following basis {F 1 , F 2 , F 3 } of the linear space of right invariant vector fields on R 2 A R:
In the same way, a left invariant frame
In terms of A, the Lie bracket relations are:
Observe that Span{E 1 , E 2 } is an integrable 2-dimensional distribution of R 2 A R, whose integral surfaces are the leaves of the foliation
DEFINITION 2.1. We define the canonical left invariant metric on the semidirect product R
is an isometry of (R 2 A R, , ) into itself. Note that φ is the rotation by angle π around the line l = {(x 0 , y 0 , z) | z ∈ R}, and the fixed point set of φ is the geodesic l. In particular, vertical lines in the x, y, z-coordinates of R 2 A R are geodesics of its canonical metric, which are the axes or fixed point sets of the isometries corresponding to rotations by angle π around them. For any line L in R 2 A {0}, let P L denote the vertical plane {(x, y, z) | (x, y, 0) ∈ L, z ∈ R} containing the set of vertical lines passing though L. It follows that the plane P L is ruled by vertical geodesics and furthermore, since the rotation by angle π around any vertical line in P L is an isometry that leaves P L invariant, then P L has zero mean curvature. Thus, every metric Lie group that can be expressed as a semidirect product of the form R 2 A R with its canonical metric has many minimal foliations by parallel vertical planes, where by parallel we mean that the related lines in R 2 A {0} for these planes are parallel in the intrinsic metric.
Unimodular groups.
Among all simply connected, 3-dimensional Lie groups, the cases SU(2), SL(2, R), Sol 3 (whose underlying group arises in the so called Sol geometry), E(2) (universal cover of the Euclidean group of orientation-preserving rigid motions of the plane), Nil 3 (Heisenberg group) and R 3 comprise the unimodular Lie groups; the cases of Sol 3 , E(2), Nil 3 and R 3 with their left invariant metrics correspond to the metric semidirect products R 2 A R, where the trace of A is zero. We refer the reader to [21] for further details.
2.3. Non-unimodular groups. The case X = R 2 A R with trace(A) = 0 corresponds to the simply connected, 3-dimensional, non-unimodular metric Lie groups. In this case, up to the rescaling of the metric of X, we may assume that trace(A) = 2. This normalization in the non-unimodular case will be assumed from now on throughout the paper. After an appropriate orthogonal change of the left invariant frame that fixes the vertical field E 3 , we may express the matrix A uniquely as (see Section 2.5 in [21] ):
The canonical basis of the non-unimodular metric Lie group X is, by definition, the left invariant orthonormal frame {E 1 , E 2 , E 3 } given in (2.4) by the matrix A in (2.9). In other words, every simply connected, non-unimodular metric Lie group is isomorphic and isometric (up to possibly rescaling the metric) to R 2 A R with its canonical metric, where A is given by (2.9). If A = I 2 where I 2 is the identity matrix, we get a metric Lie group that we denote by H 3 , which is isometric to the hyperbolic 3-space with its standard metric of constant sectional curvature −1 and where the underlying Lie group structure is isomorphic to that of the set of similarities of R 2 . Under the assumption that A = I 2 , the determinant of A determines uniquely the Lie group structure.
Assuming A = I 2 , given D ∈ R, one can solve (2.10) for α = α(D, β), producing a related matrix A(D, β) by equation (2.9) , and the space of canonical left invariant metrics on the corresponding non-unimodular Lie group structure is parameterized by the values of β ∈ [m(D), ∞), where
In particular, after scaling so that trace(A) = 2 and assuming that A = I 2 , the space of simply connected, 3-dimensional, non-unimodular metric Lie groups with a given D-invariant is 1-dimensional.
REMARK 2.4. From now on, by a metric semidirect product X we will mean (without loss of generality, see the explanation below) a semidirect product R 2 A R endowed with its canonical left invariant metric , , and such that the matrix A ∈ M 2 (R) either has trace zero (unimodular case) or is given by expression (2.9) for some α, β ∈ [0, ∞) (non-unimodular case). We must observe that we do not lose any generality with this normalization, since by the previous discussion, every metric semidirect product R 2 B R whose associated matrix B has non-zero trace is both isomorphic and isometric (after an adequate rescaling) to a metric semidirect product R 2 A R where A is given by (2.9). Moreover, the corresponding isomorphism takes the horizontal foliation {R
A R and also preserves the left invariant vertical vector fields E 3 of their respective canonical frames.
Along the paper, we will denote by Π :
Rado's Theorem in metric semidirect products.
In this section we prove some results concerning the geometry of solutions to Plateau type problems in metric semidirect products X = R 2 A R, when there is some geometric constraint on the boundary values of the solution. The first of these results is Theorem 3.1 below. We remark that several versions of this theorem in the classical setting of X = R 3 = R 2 × R were proved by Rado [30] , Nitsche [28] and Meeks [18] . We point out that one of the difficulties in obtaining Rado-type results in the situation below is that the vertical translation (x, y, z) → (x, y, z + t) might not be an isometry of the canonical metric on R 2 A R. THEOREM 3.1 (Rado's Theorem in metric semidirect products). Let X = R 2 A R be a metric semidirect product. Suppose that E is a compact convex disk in R 2 A {0}, C = ∂E 5 and Γ ⊂ Π −1 (C) is a continuous simple closed curve such that Π| Γ : Γ → C monotonically parameterizes 1 C. Then:
1. Γ is the boundary of a compact embedded disk D of finite least area. 2. The interior of D is a smooth Π-graph over the interior of E.
Theorem 3.1 will be a direct consequence of Theorem 3.3 below, which actually gives a more complete statement. The proof of Theorem 3.3 also depends on the following Lemma 3.2; both of these results will also be used in the proof of Theorem 4.1 in Section 4.
A {0} be a compact convex disk with boundary curve C. If M is a compact branched minimal surface in X with boundary contained in Π −1 (C), then:
If ∂M is of class C 2 , then M is an immersion near its boundary and transverse to Π −1 (C) along ∂M .
PROOF. The proof of this lemma uses the fact stated in Remark 2.2 that for every line L ⊂ R 2 A {0}, the vertical plane Π −1 (L) has zero mean curvature. Suppose that M is a compact branched minimal surface with ∂M ⊂ Π −1 (C) and we will prove the first item in the lemma. Arguing by contradiction, assume there exists a point p ∈ Int(M ) which is not contained in the interior of
at p and so, by the maximum principle, M contains interior points on both sides of
} t∈R be the related foliation of X by minimal vertical planes. By compactness of M , there is a largest value t 0 > 0, such that Π −1 (L t 0 )∩M = Ø. But at any point of this non-empty intersection, we obtain a contradiction to the maximum principle applied to the minimal surfaces Π −1 (L t 0 ) and M . This contradiction proves item 1 of the lemma. Item 2 of the lemma follows from Theorem 2 in [23] .
is a continuous simple closed curve such that the projection Π : Γ → C monotonically parameterizes C. Let W = Π −1 (E). Then:
1. If D is a compact, branched minimal disk in X with ∂D = Γ, then the following properties hold: 1a: D is an embedded disk. 1b: The interior of D is a smooth Π-graph over the interior of E, i.e., PROOF. We first prove item 1 of the theorem. Let D be a compact (possibly branched) minimal disk with boundary Γ. Consider D to be the image of a conformal harmonic map f : D → X, where D is the closed unit disk in C and f | ∂D is a homeomorphism to Γ. To prove that
is a diffeomorphism, we will modify a classical argument of Rado [30] who proved a similar result for minimal surfaces in R 3 whose boundaries have an orthogonal injective projection to a convex planar curve. Since E is simply connected and
is a proper map, to prove item 1b it suffices to check that the differential of Π • f has rank two at every point of Int(D). By contradiction, suppose that p ∈ Int(D) is a point where the differential of Π • f has rank less than two. In this case, either f is unbranched at p and the tangent plane T p D is vertical, or p is a branch point for f . We first consider the special case that f is unbranched at p and the tangent plane T p D is vertical, or equivalently, there exists a
is a 1-dimensional subset of D that contains no isolated points (at regular points of f , this is a consequence of the maximum principle, while at branch points of f this follows from well known properties of branched minimal surfaces). The Π-projection of the boundary of f [f −1 (P )] consists of two points in L ∩ C and f −1 (P ) has locally around p ∈ Int(D) the appearance of a system of at least two analytic segments crossing at p (see e.g., Lemma 2 in Meeks and Yau [22] ). Since f (Int(D)) is a proper analytic (possibly branched) surface in Int(W ), then we conclude that f −1 (P ) contains the closure of the properly embedded analytic 1-complex
consists of two components, each of which is a closed interval (possibly a point; this follows from the facts that P ∩ Γ consists of two components, f (Int(D)) = Int(D) ⊂ Int(W ) and f | ∂D : ∂D → Γ is a homeomorphism), and the limit set of f −1 (P ) ∩ Int(D) intersects both of these components. Note that each vertex in f −1 (P ) ∩ Int(D) has a positive even number of associated edges with the number of edges at the vertex p being at least 4. As the component ∆ of f −1 (P ) ∩ Int(D) containing p has at least 4 ends or it contains a simple closed curve, then we conclude that either there is a simple closed curve α in ∆ or there is a properly embedded arc α in ∆ whose two ends are contained in the same component of f −1 (P ∩Γ); in either case, there is a compact subset D of D with non-empty interior bounded by α together with some connected subset of
} t be the related foliation of X by minimal vertical planes, and without loss of generality, suppose that
But at any point of this non-empty intersection, we obtain a contradiction with the maximum principle applied to the minimal surfaces Π −1 (L t 0 ) and f (D ). This contradiction proves that if p is not a branch point of f , then the differential of Π • f has rank two at p.
On the other hand, if p is a branch point of f , then choose a horizontal line L ⊂ R
2
A {0} through Π(p) so that the associated vertical plane P = Π −1 (L) intersects Γ in exactly two points. Then, the set f −1 (P ) ∩ Int(D) is a 1-dimensional subset of D that contains no isolated points and f −1 (P ) has locally around p ∈ Int(D) the appearance of a system of at least two analytic segments crossing at p. Arguing as in the previous case gives a contradiction, which proves that f cannot have interior branch points; therefore, item 1b holds. Clearly item 1b implies 1a and 1c.
Note that if Γ is of class C 2 and Π| Γ : Γ → C a C 2 -immersion, then by the statement and proof of Lemma 3.2, Π| D has rank two at every point of ∂D and D is an embedded disk transverse to ∂W along Γ. The remaining items of item 1 of the theorem follow directly from item 1b and this rank-two property of Π| D along ∂D.
We next prove item 2 of the theorem. By Theorem 1 in [23] , there exists a disk D L of finite least area in W with boundary Γ and every such least-area disk is an embedding. By Lemma 3.2, the interior of any compact branched minimal disk in X with ∂D = Γ must be contained in the interior of W and so, any least-area disk in X with boundary Γ is contained in W . The existence of D L proves item 2a of the theorem.
The existence of D T can be found by constructing barriers. First suppose that Γ is smooth. Consider a compact branched minimal surface Σ in X with ∂Σ = Γ. By Lemma 3.2, Σ ⊂ W . Consider the closure C Σ of the component of W − Σ that contains a representative of the top end of W , by which we mean a closed region in W above some horizontal plane R 2 A {t 0 }. Then Γ is homotopically trivial in C Σ and by the barrier results in [23] , Γ is the boundary of a finite least-area disk in C Σ , which must be embedded (in fact, the interior of such a disk is a Π-graph over the interior of E by item 1b of this theorem); furthermore, any two such least-area disks in C Σ intersect only along their common boundary Γ. Since this collection of 'disjoint' least-area embedded disks in C Σ with boundary Γ forms a sequentially compact set (since they all have the same finite area in the homogeneously regular manifold X) and these disks are ordered by the relative heights of their graphing functions, then there exists a unique highest such least-area disk above Σ that we denote by D T (Σ). Approximation results in [22, 23] imply that when Γ is only continuous, then there also exists a similar embedded highest least-area disk
We claim that all the least-area disks D T (Σ) defined in the last paragraph lie in a compact region of W , independent of Σ. If trace(A) = 0 (equivalently, X is unimodular), then F = {R 2 A {z} | z ∈ R} is a minimal foliation of X, and a simple application of the maximum principle to any compact branched minimal surface Σ in X with boundary Γ and to the leaves of F gives that max(z| Σ ) ≤ max(z| Γ ), which proves the claim in this case. If X is non-unimodular, we can assume after scaling its metric that trace(A) = 2. Suppose that the claim fails to hold. Then, there exists a sequence of least-area disks D T (Σ n )⊂ W associated to compact branched minimal surfaces Σ n , with ∂Σ n = ∂D T (Σ n ) = Γ for all n and max(z| D T (Σn) ) → ∞ as n → ∞ (observe that the mean curvature comparison principle applied to D T (Σ n ) and to the leaves of F ensures that min(z|
attains its maximum value. By taking n large enough, we can assume that the intrinsic distance from p n to Γ is greater than 2. As the D T (Σ n ) are stable, they have uniform curvature estimates away from their boundaries; in particular, the norm of the second fundamental form of D T (Σ n ) in the intrinsic ball of radius 1 centered at p n is less than some positive constant C independent of n. This implies that there exists ε > 0 such that, for n large enough, the intrinsic disk D(p n , ε) of radius ε in R 2 A {z(p n )} centered at p n satisfies the following property: (P) Every vertical line passing through a point in
Property (P) follows from the following observation, whose proof we leave to the reader:
(O) Let Σ 1 , Σ 2 be two smooth surfaces in a homogeneous 3-manifold X that are tangent at a common point p, such that the intrinsic distance from p to the boundaries of these surfaces is at least 1. If the norms of the second fundamental forms of these surfaces are less than some C > 0, then there exists an ε = ε(C) ∈ (0, 1/2), less than the injectivity radius of X, such that every point in the intrinsic ball
) is a normal graph over a subdomain of the corresponding intrinsic ball B Σ 2 (p, 2ε), of absolute value less than ε.
With property (P) at hand, we next find the desired contradiction that will prove our claim in the case X is non-unimodular. Since the area element dA z for the restriction of the canonical metric to the plane R 2 A {z} is dA z = e −2z dx ∧ dy, then we conclude that
which implies that z(p n ) is bounded from above, a contradiction. Now our claim is proved.
Once we know that all the least-area disks D T (Σ) lie in a compact region of W independent of Σ, then we conclude that they also have uniformly bounded area by the following argument: consider the disk Given two of the disks,
, then using their union as a barrier, our previous arguments demonstrate that there is a least-area graphical disk D with boundary Γ that lies in the region of Π −1 (E) above both of them; here "above" means in the sense that the Π-graphing function h : Int(E) → R for Int(D ) is greater than or equal to the graphing functions for the disks By item 2d of Theorem 3.3, if a curve Γ satisfying the hypotheses of Theorem 3.3 is the boundary of a unique minimal disk, then it is also the boundary of a unique compact branched minimal surface. Our belief that graphical minimal disks bounding such a Γ are unique lead us to the following conjecture.
is a continuous simple closed curve such that Π : Γ → C monotonically parameterizes C. Then the compact embedded disk D L of finite least area given in Theorem 3.1 is the unique compact branched minimal surface in X with boundary Γ.
The uniqueness property stated in Conjecture 3.4 is clear in the particular case that X = R 2 A R is unimodular and Γ is contained in the plane R 2 A {0}, by the maximum principle applied to D L = E and to the foliation of minimal planes {R 2 A {z} | z ∈ R}. Next we prove the following particular case of Conjecture 3.4 for the case that X is nonunimodular.
A R be a non-unimodular metric semidirect product, and let F 3 (x, y, z) = F H 3 + ∂ z be the right invariant vector field in X given by (2.3). Suppose that E ⊂ R 2 A {0} is a compact convex disk with C 2 boundary Γ that is almost-transverse to F H 3 , in the sense that the inner product of the outward pointing unit conormal to E along Γ with F H 3 is greater than or equal to zero. Then, Γ is the boundary of a unique compact branched minimal surface which must therefore be the least-area, embedded minimal disk D L given in Theorem 3.1.
PROOF. Arguing by contradiction, suppose that the proposition fails to hold. Then item 2 of Theorem 3.1 implies that the embedded minimal disks D T , D B described there with boundary Γ are not equal. Let η T , η B denote the respective outward pointing unit conormals to these minimal disks along Γ. Since F 3 is a Killing vector field and D T , D B are minimal, then the divergence theorem gives
On the other hand, observe that by the boundary maximum principle, D B lies strictly below D T near their common boundary Γ.
As X is non-unimodular, then R . Therefore, we deduce that
Expressing η T as a sum of its horizontal and vertical components, we have
where η H is the outward pointing unit conormal to E along Γ. As F
Arguing similarly with D B we will obtain η B , F
The constant angle α R that the least-area disk Σ R makes with the horosphere R 2 I 2 ×{0} along ∂Σ R = Γ R approaches π/2 as the Euclidean radius R > 0 of the circle Γ R in the flat plane R 2 I 2 {0} tends to infinity. Here we are using the Poincaré ball model of H 3 , which is isometric to R 2 I 2 R.
which contradicts (3.1). This contradiction proves the proposition.
Asymptotic behavior of certain compact minimal surfaces in non-unimodular metric Lie groups.
If I 2 is the identity matrix in M 2 (R), then the metric Lie group X = R 2 I 2 R is isometric to hyperbolic 3-space, and the planes R 2 A {t 0 } correspond to a family of horospheres with the same point at the ideal boundary of X. In this case, every circle Γ R of Euclidean radius R > 0 in the (flat) plane R 2 I 2 {0} is the boundary of a least-area compact disk Σ R ⊂ R 2 I 2 [0, ∞), which is contained in a totally geodesic hyperbolic plane H in X; in fact, Σ R is a geodesic disk of some hyperbolic radius in H. Furthermore, as the Euclidean radius of Γ R in R 2 I 2 {0} goes to infinity, then the Riemannian radius of Σ R also goes to infinity and the constant angle that Σ R makes with R 2 I 2 {0} approaches π/2, see Figure 1 . The next theorem shows that a similar result holds in any non-unimodular metric Lie group, since every such a non-unimodular metric Lie group is isomorphic and isometric to a non-unimodular semidirect product. THEOREM 4.1. Let X = R 2 A R be a metric semidirect product, where A ∈ M 2 (R) satisfies equation (2.9). 1. For each ε > 0, there exists a δ > 0 such that the following property holds. Given a C 2 simple closed convex curve Γ ⊂ R 2 A {0} with geodesic curvature in R 2 A {0} less than δ in absolute value, then every compact branched minimal surface M ⊂ X with ∂M = Γ satisfies that
where η is the exterior unit conormal vector to M along its boundary. 2. Suppose that Γ(n) ⊂ R 2 A {0} is a sequence of C 2 simple closed convex curves with 0 = (0, 0, 0) ∈ Γ(n) such that the geodesic curvatures of Γ(n) converge uniformly to 0 and the curves Γ(n) converge on compact subsets to a line L with 0 ∈ L as n → ∞. Then, for any sequence M (n) of compact branched minimal disks (or compact stable minimal surfaces) with ∂M (n) = Γ(n), the surfaces M (n) converge C 2 on compact subsets of X to the vertical halfplane
, as n → ∞. PROOF. We will first prove a key assertion which, together with properties of convex simple closed curves in R 2 , will lead to the proof of the theorem. ∞ and points p n ∈ C r(n) such that the angle that the tangent plane to D B (r(n)) at p n makes with R 2 A {0} lies in (0,
After left translating these disks we can assume that p n = 0, and after choosing a subsequence, the C r(n) converge as n → ∞ to a line L ⊂ R 2 A {0} and the closed disks E r(n) ⊂ R 2 A {0} bounded by C r(n) converge to one of the two closed halfplanes bounded by L, which we denote by L + . By item 2c of Theorem 3.3, given n ∈ N the unique compact embedded, stable minimal disk D B (r(n)) associated to the circle C r(n) is a Π-graph over E r(n) , and item 2d of the same theorem implies the following property:
To see why property ( ) above holds, we only need to observe the following: let D T (r(n)) denote the compact embedded stable minimal disk with boundary C r(n) given in item 2b of Theorem 3.3. Note that D T (r(n)) lies in W n . Hence, if M is not contained in W n , there must exist a compact piece M of M such that ∂M lies in the region of R 2 A [0, ∞) bounded by D T (r(n)) and D B (r(n)), but M has points outside that region. This would contradict item 2d of Theorem 3.3, which proves property ( ).
Since the circles C r(n) converge on compact subsets to the horizontal straight line L as n → ∞, then a standard argument shows that after choosing a subsequence, the D B (r(n)) − C r(n) converge to a minimal lamination L of X − L (local uniform curvature estimates for the D B (r(n)) hold because these minimal surfaces are stable, see [32, 34] 
. This contradicts that p is the limit of a sequence of points in D B (r(n)), thereby proving our claim.
Since the D B (r(n)) are all Π-graphs, then by standard arguments the leaves of L are either Π-graphs over pairwise disjoint domains in
− ε] and observe that τ ∈ L → θ(τ ) is analytic, as both X and D ∞ are analytic. If θ = θ(τ ) is constant along L, then the unique continuation property of elliptic PDEs implies that for any τ ∈ L, the left translation τ * D ∞ of D ∞ by τ is equal to D ∞ , which implies our claim. Hence for the remainder of the proof of our claim, we will assume that there is a τ ∈ L − { 0} such that θ( 0) = θ(τ ).
(A) Suppose that θ( 0) > θ(τ ). For n ∈ N, consider a point σ n of Int(L + ) at Euclidean distance 1 n from τ . Then, the left translate σ n * D B (r(n)) of D B (r(n)) by σ n has boundary σ n * C r(n) . For n ∈ N fixed, there exists an integer j(n) > n such that for all j ∈ N with j ≥ j(n), the boundary ∂(σ n * D B (r(n))) = σ n * C r(n) lies in the interior of the disk E r(j) . By Property ( ) applied to σ n * D B (r(n)) and to M = D B (r(j)), we deduce that D B (r(j)) lies in the closure
is the Π-graph of v n (resp. of u j ), satisfy v n ≤ u j in σ n * E r(n) , for every j ≥ j(n). After taking limits as j → ∞ (but letting n fixed), we conclude that σ n * D B (r(n)) lies below D ∞ . Taking limits as n → ∞, we have that τ * D ∞ lies below D ∞ . In particular, the angle that τ * D ∞ makes with the plane R 2 A {0} at τ (which equals θ( 0)) cannot be greater than the angle that D ∞ makes with R 2 A {0} at τ (which is θ(τ )), a contradiction with our hypothesis in this case (A). (B) We next perform slight modifications in the arguments in (A) to find a contradiction in the case that θ( 0) < θ(τ ). Given n ∈ N large, let σ n ∈ Int(E r(n) ) be the point at distance 1/n from 0 so that the segment [ 0, σ n ] with end points 0 and σ n is orthogonal to C r(n) at 0. Arguing as in case (A), there exists an integer j(n) > n such that for every j ∈ N, j ≥ j(n), the left translate of C r(n) by σ n lies in the interior of E r(j) . By Property ( ) applied to σ n * D B (r(n)) and to M = τ * D B (r(j)), we deduce that τ * D B (r(j)) lies in the closure W n of the non-compact
Equivalently, the graphing functions v n : σ n * E r(n) → R, u j : τ * E r(j) → R such that σ n * D B (r(n)) (resp. τ * D B (r(j)) is the Π-graph of v n (resp. of u j ), satisfy v n ≤ u j in σ n * E r(n) , for every j ≥ j(n). Taking limits as j → ∞ with n fixed, we conclude that σ n * D B (r(n)) lies below τ * D ∞ . Taking limits as n → ∞, we have that D ∞ lies below τ * D ∞ . In particular, the angle that D ∞ makes with the plane R 2 A {0} at τ (which equals θ(τ )) cannot be greater than the angle that τ * D ∞ makes with R 2 A {0} at τ (which is θ( 0)), that is, θ(τ ) ≤ θ( 0), which is contrary to our hypothesis. From (A) and (B) we conclude the proof of our claim that V is everywhere tangent to D ∞ .
Recall that V is horizontal and right invariant. It follows from equation (2.3) that in (x, y, z)-coordinates in X = R 2 A R, V is a linear combination of ∂ x , ∂ y with constant coefficients, and thus, its integral curves are horizontal lines, all parallel to L in the Euclidean sense. Since V is everywhere tangent to D ∞ , then the integral curves of V passing through points in D ∞ are completely contained in D ∞ . Therefore, D ∞ is foliated by these horizontal lines. Let L ⊥ ⊂ R 2 A {0} be the straight line orthogonal to L passing through the origin. Since D ∞ is a minimal Π-graph and it is foliated by straight lines parallel to L, then the intersection of D ∞ with the vertical plane Π −1 (L ⊥ ) is a proper analytic arc γ with 0 ∈ γ, and γ is a Π-graph over its projection to L ⊥ . Note that the z-coordinate restricted to γ cannot have a local minimum value z 0 , by the mean curvature comparison principle applied to the minimal surface D ∞ and to the mean curvature one surface R 2 A {z 0 }. Since γ is analytic, if γ is not parameterized by its z-coordinate, then z| γ must have a first local maximum. As γ lies above R To obtain the contradiction that will prove Assertion 4.2, we apply a flux argument to an appropriate annular quotient of D ∞ . For any t ∈ (0, ∞), consider the minimal strip
Fix q ∈ L − { 0} and consider the infinite cyclic subgroup I of isometries of X generated by the left translation by q. Then X/I is a homogeneous 3-manifold diffeomorphic to S 1 × R 2 , the z-coordinate on X descends to a well-defined function on X/I (which we will also call the height z), and every right invariant horizontal vector field F on X descends to a well-defined Killing field F on X/I. Consider the quotient minimal annulus Ω(t) = D ∞ (t)/I in X/I.
First consider the case that the Milnor D-invariant of X is positive. We next prove that the length in X/I of the boundary curve c t of Ω(t) at height t converges to zero exponentially quickly as t → ∞. To see this, without loss of generality we may assume that L points in the x-direction (after a rotation in the (x, y)-plane, which does not change the ambient left invariant metric but does change the matrix A). Then, q = (x(q), 0, 0) with x(q) ∈ R − {0} and equation (2.7) gives that length(c t ) =
where (a ij (z)) i,j denotes the matrix e zA ∈ M 2 (R). Now we deduce that length(c t ) converges to zero exponentially quickly as t →∈ ∞ from item 2a of Proposition 6.1 in the Appendix, as the 14 Milnor D-invariant is positive. The same item 2a of Proposition 6.1 ensures that all horizontal right invariant vector fields in X have lengths decaying exponentially as z → +∞. Pick a right invariant horizontal vector field F in X such that F, V are linearly independent. Let F be the quotient Killing field of F in X/I. Consider for each t ≥ 0 the flux of F across c t , defined as
where η is the unit vector field which is tangent to D ∞ /I, orthogonal to c t with η, E 3 ≥ 0. Since F has constant length along c t with this constant being bounded as a function of t > 0, and the length of c t converge to zero as t → ∞, then Flux( F , c t ) also converges to zero as t → ∞. As Flux( F , c 0 ) is non-zero and Flux( F , c t ) is independent of t (because the divergence of the tangential component of F along Ω(t) is zero), then we obtain a contradiction. This contradiction completes the proof of Assertion 4.2 in the case D > 0. If D ≤ 0, then item 2b of Proposition 6.1 gives that A is diagonalizable with one positive eigenvalue λ and another non-positive eigenvalue µ. In this case, there exists a horizontal right invariant vector field F on X with F ( 0) = 1, such that the norm of F decreases exponentially quickly as z → +∞ (namely, F is determined by F ( 0) being the unitary eigenvector of the matrix A associated to λ, since F (z) = e −λz by item 2b of Proposition 6.1). Let F be the quotient Killing field of F on X/I. Suppose for the moment that F is not collinear with V . As before, we may assume that L points in the x-direction and q = (x(q), 0, 0). Then, the flux of F along c t satisfies
But the line element dx grows at most exponentially as z → +∞, and in fact at most as the function e −µz . Since 2 = trace(A) = λ + µ, then F dx decays exponentially as z → +∞ and thus, we arrive to a contradiction as in the former case D > 0.
The last case we must consider is D ≤ 0 and F is proportional to V . In this case, we still normalize L to point in the direction of the x-axis, and replace F in the above computations by ∂ y . Then dx decays like e −λz (with the same notation as before) while F increases at most like e −µz as z → +∞, and the conclusion is the same. Now Assertion 4.2 is proved.
We now prove item 1 in the statement of Theorem 4.1. Let Γ be a simple closed convex curve contained in R 2 A {0}, and let M ⊂ X be a compact branched minimal surface with ∂M = Γ.
, where E is the convex disk in R Next we prove that condition (c) in item 1 holds. Arguing by contradiction, suppose that there exists an ε > 0, a sequence M (n) of compact branched minimal surfaces with C 2 simple closed convex boundary curves Γ(n) ⊂ R 2 A {0}, and points p n ∈ Γ(n) such that (C1) The geodesic curvature of Γ(n) is uniformly going to zero as n → ∞.
(C2) η n (p n ), ∂ z (p n ) ≥ −1 + ε for all n ∈ N, where η n is the exterior unit conormal vector to M (n) along Γ(n) (observe that in order to make sense of η n we are using that M (n) is an immersion near Γ(n) by item 2 of Lemma 3.2).
Let R = R(ε) be the positive number produced by Assertion 4.2 applied to the value ε > 0 that appears in Condition (C2) above. By Condition (C1), for n large enough we can assume that the geodesic curvature of Γ(n) is less than 1/R. This property allows us to find a round disk E n ⊂ R 2 A {0} of radius R that is contained in the disk E(n) bounded by Γ(n) and such that E n ∩ E(n) = {p n }. Let Γ(n) = ∂ E n and let D B (n) be the 'lowest' minimal disk bounded by Γ(n) given by item 2c of Theorem 3.3. Since D B (n) lies below the branched minimal surface M (n) (this follows from Property ( ) in the proof of Assertion 4.2 applied to D B (n) and M (n)) and D B (n) ∩ M (n) = {p n }, then the angle that the tangent plane T pn M (n) makes with R 2 A {0} is greater than the angle ϕ n that T pn D B (n) makes with R 2 A {0}. Since Condition (C1) and Assertion 4.2 allow us to take ϕ n arbitrarily close to π/2 for n sufficiently large, then we conclude that the angle that T pn M (n) makes with R 2 A {0} converges to π/2 as n → ∞. This contradiction completes the proof of item 1c of the theorem.
We next prove item 2 of the theorem. Suppose that Γ(n) ⊂ R 2 A {0} is a sequence of C 2 simple closed convex curves with 0 ∈ Γ(n), having geodesic curvatures uniformly approaching 0 as n → ∞ and converging on compact subsets to a straight line L that contains 0. Let M (n) be a sequence of compact branched minimal disks (or compact stable minimal surfaces) with ∂M (n) = Γ(n). Suppose for the moment that the M (n) are disks; we will discuss later the changes necessary to prove the case that the M (n) are stable. By item 1 of Theorem 3.3, the disks M (n) are unbranched and Π-graphs over the compact convex disks E(n) bounded by Γ(n) in R 2 A {0}. We claim that the M (n) have uniformly bounded second fundamental forms up to their boundaries; to see this, suppose this property fails. Left translate the M (n) so that the norm of the second fundamental form is largest at the origin, and rescale the (x, y, z)-coordinates by this maximum norm of the second fundamental form of the M (n), obtaining a new sequence of rescaled minimal Π-graphs with uniformly bounded second fundamental form. After extracting a subsequence, these rescaled Π-graphs converge to a non-flat minimal surface M ∞ in R 3 possibly with boundary (if ∂M ∞ is non-empty then ∂M ∞ is a horizontal straight line and M ∞ lies entirely above the horizontal plane that contains ∂M ∞ ). Note that the Gaussian image of M ∞ is contained in the closed upper hemisphere, which is clearly impossible if some component of M ∞ has empty boundary (note that this component would be complete). This implies that M ∞ is connected and has nonempty boundary. It follows that M ∞ is a graphical stable minimal surface in the closed upper half-space of R 3 bounded by the horizontal plane that contains ∂M ∞ , which can also be easily ruled out, since M ∞ together with its image under the 180 o -rotation around ∂M ∞ is a complete, non-flat minimal graph. Therefore, the M (n) have uniformly bounded second fundamental forms up to their boundaries.
It follows that a subsequence of the M (n) (denoted in the same way) converges as n → ∞ on compact subsets of X to a minimal lamination L of X − L, and L contains a leaf M ∞ with boundary the straight line L. Since the geodesic curvatures of the curves Γ(n) converge uniformly to 0 as n → ∞, then item 1 of this theorem implies that η n , ∂ z is arbitrarily close to −1 for n large enough (here η n is the exterior conormal vector field to M (n) along Γ(n)). It follows that the limit surface M ∞ is tangent to the closed vertical halfplane
and thus, the boundary maximum principle implies that
We now prove that L contains no other leaves different from M ∞ . Arguing by contradiction, any other leaf component Σ of L must be a complete positive Π-graph (without boundary) over its projection to R 2 A {0}, and Σ has bounded second fundamental form by arguments in the previous paragraph. But the existence of such a graphical leaf Σ in R 2 A (0, ∞) is easily seen to be impossible by considering its behavior on a sequence of points p k = (x k , y k , z k ) ∈ Σ where lim k→∞ z k is the infimum z 0 ≥ 0 of the z-coordinate function of Σ (recall that the minimal surface Σ cannot be asymptotic to the mean curvature one surface R 2 A {z 0 }). This contradiction proves that L = {M ∞ }, and thus, a subsequence of the M (n) converges to the desired halfplane. Since every subsequence of the M (n) has a convergent subsequence which equals this limit, then the entire sequence
. This completes the proof of item 2 of the theorem in the case that the M (n) are disks.
If the M (n) are compact stable surfaces (not disks) then the curvature estimates by Schoen [34] and Ros [32] give that the M (n) have uniformly bounded second fundamental forms away from their boundaries. As previously, for each n ∈ N let E(n) be the convex compact disk bounded by Γ(n) in R 2 A {0}. Note that by barrier arguments as in the proof of items 2b, 2c in Theorem 3.3, for each n ∈ N there exists a least-area disk D(n) with boundary Γ(n) in the closure of the bounded
As the previously considered case of disks ensures that the
. We now check that the last convergence is of class C 2 , by showing that the M (n) have uniformly bounded second fundamental form up to their boundaries (this would finish the proof of item 2 of Theorem 4.1 in this case). If this is not the case, then the rescaling-by-curvature argument above produces a limit of a subsequence of the M (n) which is a non-flat, stable minimal surface M ∞ in R 3 , such that either has no boundary, or M ∞ has non-empty boundary given by a horizontal line and M ∞ is contained in a quarter of space Q ⊂ R 3 with ∂M ∞ being the set of non-smooth points of ∂Q. If ∂M ∞ = Ø, then M ∞ is complete, which contradicts that M ∞ is non-flat and stable. Therefore, ∂M ∞ = Ø. In this case, the rescaled least-area disks D(n) are all below the related rescaled M (n). Since these rescaled images of D(n) converge as n → ∞ to a vertical half-plane in Q, then M ∞ must be equal to this vertical limit half-plane, which contradict the non-flatness of M ∞ . Now the theorem is proved. PROOF. Suppose first that D > 0, and let L ⊂ R 2 A {0} be any line with 0 ∈ L. By item 2a in Proposition 6.1, the vertical lines l p = {(p, z) | z ∈ R} and l q = {(q, z) | z ∈ R} are both asymptotic to the z-axis as z → ∞. Now consider pairwise disjoint Euclidean circles 
A {0} are the lines orthogonal to L that pass through p, q respectively. Since l p ⊂ L p and l q ⊂ L q are asymptotic to the z-axis as z → ∞, then l p and l q are asymptotic to each other, and thus the distance between the disjoint area minimizing disks D p and D q is arbitrarily small if the Euclidean radii of C p , C q are sufficiently large. Therefore, after replacing a pair of intrinsic geodesic disks D p ⊂ D p , D q ⊂ D q of radius 1 centered at sufficiently close points of D p , D q by an annulus of least area with boundary ∂D p ∪ ∂D q , we obtain a piecewise smooth annulus with area less that the sum of the areas of the least-area disks D p , D q . By the Douglas criterion (the area of some annulus bounding C p ∪ C q is less than the infimum of the areas of any two disks bounding C p ∪ C q ), there exists by Morrey [25] an annulus Σ of least area in X with boundary C p ∪ C q . Note that Int(Σ) ⊂ R 2 [0, ∞) by the maximum principle applied to Σ and to planes R 2 A {z} with z < 0, then by the Geometric Dehn's Lemma for Planar Domains given in Theorem 5 in [22] , Σ is a smooth embedded annulus (actually, Theorem 5 in [22] is stated for three-manifolds with convex boundary but the convex boundary is only used to obtain the existence of a least-area immersed annulus, which we already have in this case).
Suppose D ≤ 0. As the eigenvalues of A are the roots of the polynomial
Hence, exactly one of these eigenvalues λ + is greater than or equal to 2, and the other one is non-positive. After an orthogonal change of basis (that does not change the metric Lie group structure of X), the matrix A transforms to A 1 = OAO −1 for some orthogonal matrix O, where A 1 has entries a 11 = λ + and a 21 = 0, and having an associated eigenvector (1, 0) . Consider the line L = {(t, 0, 0)} ⊂ R 2 A 1 {0}. In this case, equation (2.4) shows that E 1 = e λ + z ∂ x , and so, ∂ x is exponentially decaying as z → ∞. Hence, for any pair of different points p, q ∈ L, the vertical lines l p = {(p, z) | z ∈ R} and l q = {(q, z) | z ∈ R} are both asymptotic to the z-axis as z → ∞. Now consider pairwise disjoint Euclidean circles
, with p ∈ C p , q ∈ C q . Let D p , D q be compact, embedded, least-area disks with boundaries ∂D p = C p , ∂D q = C q , which exist by Theorem 3.3. Arguing as in the previous paragraph, if the Euclidean radii of C p , C q are sufficiently large, there exists an embedded leastarea annulus Σ ⊂ R 2 A [0, ∞) with boundary ∂Σ = C p ∪ C q , and the proof is complete.
5. Radius estimates for cylindrically bounded stable minimal surfaces.
In this section we obtain radius estimates for compact stable minimal surfaces in semidirect products, using the results from Section 4. Given r > 0 and a vertical geodesic Γ in a metric semidirect product X = R 2 A R, we will denote by W(Γ, r) ⊂ X the closed solid metric cylinder of radius r centered along Γ.
A R be a metric semidirect product, where A is either as in equation (2.9) with Milnor D-invariant less than 1 or where trace(A) = 0 (this is the case where X is unimodular). For every vertical geodesic Γ ⊂ X and r > 0, there exists a j ∈ N such that every compact immersed minimal surface M in X with ∂M ⊂ W(Γ, r) satisfies M ⊂ W(Γ, jr).
PROOF. Without loss of generality, we will henceforth assume that Γ is the z-axis. Recall that if X is unimodular, then it is isomorphic to R 3 , E(2), Nil 3 or Sol 3 . First suppose that X is not isomorphic to E(2) or Nil 3 . By Theorem 3.6 in [21] (see also Examples 3.2-3.5 therein), there are two distinct vertical planes P 1 , P 2 (in (x, y, z)-coordinates, in fact, P 1 can be taken as the (x, z)-plane and P 2 as the (y, z)-plane) that are Lie subgroups of X. For i = 1, 2, let U i (R) be the closed regular neighborhood of P i of radius R > 0. We claim that the boundary surfaces ∂U i (R) = P
both have non-negative mean curvature in X with respect to the inward pointing normal to U i (R). Since each of P + i (R), P − i (R) are at constant distance from P i , which is a connected, codimension-one subgroup in X, then Lemma 3.9 in [21] implies that P ± i (R) is a right coset of P i and is also a left coset of some 2-dimensional subgroup Σ ± i (R) of X. This last property implies that P ± i (R) has constant mean curvature, as every 2-dimensional subgroup in a metric Lie group has this property. Hence it remains to show that the mean curvature vector of P
In this situation, the classification of codimension-one subgroups in Theorem 3.6 in [21] implies that Σ ± i (R) is one of the elements in the 1-parameter family A i of 2-dimensional subgroups of X that share the 1-dimensional subgroup P i ∩ [R
2
A {0}] (also called an algebraic open book decomposition of X). In the case that X is unimodular (hence isomorphic to R 3 or Sol 3 ), then item 6 of Theorem 3.6 in [21] implies that all 2-dimensional subgroups of X are minimal, hence P ± i (R) are minimal surfaces and the claim is proved in this case. Next we will prove the desired mean convexity of U i (R) in the case that X is non-unimodular and for i = 1 (for i = 2 the argument is similar and we leave it for the reader). Item 5 of Theorem 3.6 in [21] ensures that up to possibly rescaling the metric, X is isometric and isomorphic to R R that contains P 1 as one of its leaves is A 1 = {H 1 (λ) | λ ∈ R ∪ {∞}}, where (hence P 1 = H 1 (0)). Observe that the 2-dimensional subgroups in A 1 are products with the xfactor of proper graphs of the z-variable in the (y, z)-plane; this applies in particular to P 1 and to Σ ± 1 (R). Therefore, ∂ x is everywhere tangent to P 1 and to Σ ± 1 (R). As P ± 1 (R) is a right coset of P 1 and F 1 = ∂ x is a right invariant vector field, then ∂ x is also everywhere tangent to P ± 1 (R). In other words, P ± 1 (R) is the product with the x-factor of a curve in the (y, z)-plane. In fact, this curve must be a proper graph of the z-variable (to see this, observe that every horizontal plane R 2 A(b) {z} intersects P ± 1 (R) in a line parallel to the x-axis which is the set of points of R 2 A(b) {z} at distance R from P 1 ). Now the desired mean convexity of U 1 (R) with respect to the inward normal vector can be understood by considering the related problem for z-graphs in the (y, z)-plane (i.e., after taking quotients in the x-factor): to do this, observe that P + 1 (R) lies entirely at one side of P 1 , say its right side, see Figure 3 . We can write P 2), and hence P ± 1 (R) is minimal as well, which gives the desired mean convexity in this case. Thus, we can assume that Σ + 1 (R) = P 1 . As P + 1 (R) lies at the right side of P 1 and is disjoint from Σ Figure 3) . As the mean curvature vector of P + 1 (R) at q equals the mean curvature vector of Σ + 1 (R) at 0, then a continuity argument in the variable R gives that the mean curvature vector of P + By the last claim, the maximum principle (for the case X is unimodular) and the mean curvature comparison principle (when X is non-unimodular) applied to the foliation {P
gives that every compact minimal surface M with boundary in W(Γ, r) lies in the domain U i (r); hence, M ⊂ U 1 (r) ∩ U 2 (r). If we prove that U 1 (r) ∩ U 2 (r) ⊂ W(Γ, 2r), then we would deduce that M ⊂ W(Γ, 2r), i.e. the proposition holds with j = 2 in this case of X admitting two distinct vertical planes which are subgroups of X. To check that U 1 (r) ∩ U 2 (r) ⊂ W(Γ, 2r), let p = (x, y, z) ∈ X; we will denote by p 1 = (x, 0, z) ∈ P 1 , p 2 = (0, y, z) ∈ P 2 and p 3 = (0, 0, z) ∈ Γ. Assume that the following properties concerning the extrinsic distance d in X hold (we will prove them later):
Under these assumptions, we have:
where in ( ) we have left multiplied by (0, y, 0) (which is an ambient isometry of X, thus preserves distances) in the second summand. Now the inclusion U 1 (r) ∩ U 2 (r) ⊂ W(Γ, 2r) follows directly. We next prove (A) and (B). Given q ∈ X and A ⊂ X, let C(p, q) (resp. C(p, A)) be the set of piecewise smooth curves α : [0, 1] → X such that α(0) = p and α(1) = q (resp. α(1) ∈ A). Consider the maps 
Since p i ∈ P i , then the last inequality is in fact an equality and (A) is proved. To prove (B) one uses the same argument, changing P i by Γ, Θ i by Θ 3 and p i by p 3 . This finishes the proof of the proposition when X is not isomorphic to E(2) or Nil 3 .
Assume now that X is isomorphic to E(2). Thus, after scaling the metric of X, it is isomorphic and isometric to R For t ∈ R, define the vertical planes P 1 (t) = {x = t}, P 2 (t) = {y = t}. For any t > 0 and i = 1, 2, let U i (t) be the slab in X with boundary P i (−t) ∪ P i (t). Equation (2.1) gives that the left translation in X by an element of the form (0, 0, mπ) with m ∈ 2Z writes as (0, mπ)
In particular, for all t > 0 the slab U i (t) is invariant under the isometry which is given by left (or right) translation by (0, 0, mπ); note that W(Γ, r) is also invariant under left translation by (0, 0, mπ), for all r > 0. Since for r > 0 fixed, the family of sets
forms a compact exhaustion for the horizontal slab {|z| ≤ π} and W(Γ, r) ∩ {|z| ≤ π} is compact, then there exists a k ∈ N such that W(Γ, r) ∩ {|z| ≤ π} ⊂ U 1 (kr) ∩ U 2 (kr) ∩ {|z| ≤ π}.
Furthermore, this integer k can be chosen independently from r (because the identity map from
with the product metric is a quasi-isometry, for every A ∈ M 2 (R)). The left-invariance property of U i (kr) and W(Γ, r) by left translation by (0, 0, 2π) implies that W(Γ, r) is contained in U 1 (kr) ∩ U 2 (kr). This implies that if M ⊂ X is a compact minimal surface with ∂M ⊂ W(Γ, r), then ∂M ⊂ U 1 (kr) ∩ U 2 (kr), and by the maximum principle applied to the family of minimal surfaces {P i (t) | t ∈ R}, i = 1, 2, we deduce that M ⊂ U 1 (kr) ∩ U 2 (kr). On the other hand, since the sets W(Γ, r) ∩ {|z| ≤ π} also form a compact exhaustion for the slab {|z| ≤ π}, then similar reasoning shows that there exists a j ∈ N independent of r such that U 1 (kr) ∩ U 2 (kr) ⊂ W(Γ, jr), from where we conclude that M ⊂ W(Γ, jr). This finishes the proof of the proposition in the case X is isomorphic to E(2).
Suppose now that X is isomorphic to Nil 3 . After a scaling of the metric, we may assume that
A R with A = 0 1 0 0 . In this case there exists a unique vertical plane which is a subgroup of X, namely P 1 = {y = 0}. Since Nil 3 is unimodular, Theorem 3.6 in [21] implies that the foliation of surfaces at constant distance from P 1 consists of minimal surfaces in X. Given r > 0, let P ± 1 (r) = {y = ±r} be the boundary planes of the closed regular neighborhood U 1 (r) of P 1 of radius r (one can check that the distance from 0 to (0, ±r, 0) is r), and let S ± (r, R) ⊂ P ± 1 (r) be the round circle of Euclidean radius R > 0 centered at the point (0, ±r, 0). We claim that for R much larger than r, there exists an embedded minimal annulus A(r, R) ⊂ X with boundary ∂A(r, R) = S + (r, R) ∪ S − (r, R). To see this, first note that (I) U 1 (r) is quasi-isometric to the Riemannian product R 2 × [−r, r] under the mapping arising from normal coordinates on P 1 . This is because, in the fixed compact regular neighborhood of radius 1 of the segment {(0, t, 0) | t ∈ [−r, r]} in the slab U 1 (r), the restricted mapping is a quasi-isometry with its image and the differential of the normal coordinate map is invariant under left translations by elements in P 1 . (II) The Euclidean area of the cylinder C(r, R) = {(x, y, z) | (x, r, z) ∈ S + (r, R), |y| ≤ r} is 4πrR.
From (I), (II) we deduce that the area in X of C(r, R) is less than 4πcrR, for some c > 0 that only depends on r. As the union of the two disks D ± (r, R) ⊂ P ± 1 (r) bounded by S ± (r, R) has area 2πR 2 and each of these disks is area-minimizing in X (in fact, D ± (r, R) is the unique solution of the Plateau problem for boundary S ± (r, R) in X), then the Douglas Criterion and the Geometric Dehn's Lemma for Planar Domains in Theorem 5 in [22] (as adapted in the more general boundary setting of [23] ) guarantee that for R r, there exists an embedded least-area annulus A(r, R) in X with boundary ∂A(r, R) = S + (r, R) ∪ S − (r, R), and our claim is proved. Consider the family of minimal annuli F = {p * A(r, R) | p ∈ P 1 , [p * A(r, R)]∩W(Γ, r) = Ø}, where p * A(r, R) denotes the left translation of A(r, R) by the element p. Observe that F satisfies the following properties.
(F-I) F is nonempty. Furthermore, F is invariant under left translation by elements of Γ and under the rotation R Γ by π/2 around Γ (this follows from the invariance of W(Γ, r) and of P 1 under these ambient isometries of X). (F-II) There exists k > r such that for all t ∈ [k, ∞), we have [(t, 0, 0) * (A(r, R))] ∩ W(Γ, r) = Ø and [(−t, 0, 0) * R Γ (A(r, R))] ∩ W(Γ, r) = Ø. 22 Let F be the family of left translates of A(r, R) and of R Γ (A(r, R)) appearing in Property (F-II) together with their left translates by elements in Γ. It follows that there exists a j ∈ N such that
the existence of j follows from similar arguments as those in the proof of Property (I) above. Finally, consider a compact minimal surface M ⊂ X with boundary ∂M ⊂ W(Γ, r). Since W(Γ, r) ⊂ U 1 (r) and the boundary planes of U 1 (r) are minimal, then the maximum principle implies that M ⊂ U 1 (r). To finish the proof of Proposition 5.1, we will check that M ⊂ W(Γ, jr). Otherwise, as M ⊂ U 1 (r) then (5.1) implies that M intersects some annulus F ∈ F . But then by compactness of M and F , there exists a largest t > 0 such that M ∩ [(t, 0, 0) * F ] = Ø, which gives a contradiction to the maximum principle since the boundary of (t, 0, 0) * F is disjoint from ∂M . Now the proof of Proposition 5.1 is complete.
A R be a metric semidirect product, and let Γ ⊂ X be a vertical geodesic. Then, given r, C > 0 there exists R = R(r, C) > 0 such that for every compact immersed minimal surface M ⊂ W(Γ, r) with the norm of its second fundamental form less than C, the radius of M is less than R.
PROOF. After a fixed left translation of Γ, we will assume that Γ is the z-axis in R 2 A R.
To prove the theorem we proceed by contradiction. Suppose that there exist r, C > 0 and a sequence of compact, immersed minimal surfaces h n : M n W(Γ, r) with the norm of their second fundamental forms less than C and such that there exist points p n ∈ M n for which the intrinsic distances from p n to the boundaries of the
After left translating the immersions h n appropriately by elements in the 1-parameter subgroup Γ = {(0, 0, s) ∈ R 2 A R | s ∈ R} and passing to a subsequence, we may assume that h n (p n ) ∈ Y for al n and this sequence of points converges to a point q ∞ ∈ Y .
Since the minimal immersions h n have uniform curvature estimates, then there exists a complete, connected immersed minimal surface h ∞ : M ∞ W(Γ, r) of bounded second fundamental form that is a limit of the restriction of (a subsequence, denoted in the same way, of) the h n to certain smooth compact domains Ω n ⊂ M n with p n ∈ Ω n and d n (p n , ∂Ω n ) > n for all n ∈ N, and such that h ∞ (p ∞ ) = q ∞ for some point p ∞ ∈ M ∞ . Now consider the closure M of the union of all left translations of h ∞ (M ∞ ) by elements in Γ, i.e.,
which is a connected subset of W(Γ, r). As h ∞ (M ∞ ) has bounded second fundamental form, then, by the same compactness arguments, given any point q ∈ M, there exists a compact embedded minimal disk D(q) ⊂ M with q ∈ Int(D(q)).
We next consider the special case where X is non-unimodular, and so we assume X = R A {0} that are orthogonal to L at the respective points p, −p. By Corollary 4.3, there exist circles C p , C q=−p with p ∈ C p , q ∈ C q such that C p ∪ C q does not intersect the interior of the strip S and C p ∪ C q is the boundary of a least-area embedded annulus
A {0} be the line perpendicular to L at 0. For t ∈ L ⊥ , let t * Σ denote the left translation of Σ by t. Note that for some t 0 ∈ R, (t 0 * Σ) ∩ M = Ø and that for |t| large, (t * Σ) ∩ M = Ø. It follows that there exists a t 1 ∈ L ⊥ with largest norm such that t 1 * Σ intersects M at some point p t 1 and near p t 1 the set M lies on one side of t 1 * Σ. This implies that there exists an embedded minimal disk
lies on one side of t 1 * Σ. Now the maximum principle for minimal surfaces gives that t 1 * Σ ⊂ M, which is false since ∂(t 1 * Σ) ∩ M = Ø. This contradiction proves the proposition in this special case where X is non-unimodular . Finally, we consider the remaining case where X is unimodular (hence tr(A) = 0). Consider the foliation of X by minimal planes produced in the proof of Proposition 5.1, i.e. (with the notation in that proposition), the planes P − 1 (R) at constant distance R > 0 from P 1 in the case that X is isomorphic to Sol 3 , Nil 3 or R 3 , and the periodic planes P 1 (t) = {x = t}, in the case of X is isomorphic to E(2). Since in all of these cases there exist one of these minimal planes P such that P ∩ M = Ø and M lies on one side of P , the argument in the previous paragraph with P in place of Σ easily generalizes to give a contradiction. This contradiction completes the proof of Theorem 5.2.
As a direct consequence of Theorem 5.2 and the classical curvature estimates for stable minimal surfaces [32, 34] , we obtain: COROLLARY 5.3. Let X = R 2 A R be a metric semidirect product, and let W(Γ, r) ⊂ X denote a solid metric cylinder in X of radius r > 0 around a vertical geodesic Γ ⊂ X. Then, there are no complete stable minimal surfaces contained in W(Γ, r).
In order to prove Theorem 1.1 stated in the Introduction we will need an auxiliary construction for the case that X is non-unimodular with positive Milnor D-invariant. To do this, in the remainder of this section we fix α ∈ [0, 1) and β ∈ [0, ∞), we consider the matrix A = A(α, β) given by (2.9), and the non-unimodular metric Lie group X = X(α, β) = R 2 A R with its usual left invariant metric , determined by A (see Definition 2.1). Under our hypotheses on α, β, we have that the Milnor D-invariant of X is positive. Conversely, every non-unimodular metric Lie group with positive Milnor D-invariant can be expressed as X(α, β) for some α ∈ [0, 1) and β ≥ 0, see Section 2.
The 1-parameter subgroup {(0, 0, s) ∈ R 2 A R | s ∈ R} of X generates under left multiplication a right invariant vector field F 3 of X (see equation (2.3) where the notation for the matrix A is different from the one used here). Next we will study the mean convexity of solid cylinders in X obtained after flowing the domains enclosed by a family of homothetic ellipses in R 2 A {0} through the 1-parameter group of isometries {φ s | s ∈ R} associated to F 3 , namely the left translations by elements in the z-axis of R 2 A R. The technical property stated in Proposition 5.4 will be used in Theorem 5.6 below, in order to obtain the desired radius estimate for stable minimal surfaces in X that generalizes Corollary 5.3.
Consider an ellipse C µ = {(x, y, 0) ∈ R A R be a metric semidirect product where A is as in equation (2.9) with α ∈ [0, 1) and β ∈ [0, ∞). Then, there exist µ > 0 and r 0 > 0 such that the F 3 -invariant solid cylinder Ω(r) over rE µ defined in (5.3) is strictly mean convex for every r ≥ r 0 .
PROOF. Fix a positive µ to be determined later. Given r > 0, parameterize rC µ by γ = γ(t) = (x(t), y(t), 0), where (5.4) x(t) = r cos t, y(t) = rµ sin t, t ∈ [0, 2π].
A parametrization Φ of the F 3 -invariant cylinder given by the boundary Σ = Σ(r) of Ω(r) is obtained by flowing γ through the 1-parameter group {φ s | s ∈ R}, i.e., Φ(t, s) = φ s (γ(t)), (t, s) ∈ [0, 2π] × R, where φ s (p, z) = (e sA p, s+z) for all s, z ∈ R and p ∈ R 2 (p is considered to be a column vector). The mean curvature H = H(t, s) of Σ is given by the well-known formula
where E, F, G and e, f, g are respectively the coefficients of the first and second fundamental form of Σ (these coefficients are functions of (t, s)): is the unit normal vector field to Σ. Observe that Φ t (t, 0) defines the counterclockwise orientation on rC µ and that Φ s (t, 0) points upward. Therefore, N (t, 0) points outward Ω(r) along γ. Since Σ is F 3 -invariant, the strict mean convexity of Ω(r) will follow from the existence of some µ > 0 (depending solely on α, β) such that the function t ∈ [0, 2π] → (eG − 2f F + gE)(t, 0) is strictly negative for r > 0 large enough.
Note that (5. where the parentheses (resp. brackets) refer to coordinates with respect to the basis {∂ x , ∂ y , ∂ z } (resp. to the usual orthonormal basis {E 1 , E 2 , E 3 } of the Lie algebra of X given by (2.4)); in general, the change of coordinates between the two bases at a point (x, y, z) ∈ R Also, Φ s (t, s) = (F 3 ) Φ(t,s) and so, the globally defined right invariant vector field F 3 extends Φ s . Using (2.3) (recall that the entries of the matrix A are given by (2.9)), we have where δ(t) = δ(γ(t)) and ε(t) = ε(γ(t)). From (5.7), (5.11) we can compute the coefficients of the first fundamental form at points of the form Φ(t, 0):
2 + y (t) 2 , F (t, 0) = δ(t)x (t) + ε(t)y (t), G(t, 0) = 1 + δ(t) 2 + ε(t) 2 .
The unit normal vector field at points of the form Φ(t, 0) is given by (5.13) N (t, 0) = 1 ∆(t) (Φ t × Φ s )(t, 0) = 1 ∆(t)   y (t) −x (t) ε(t)x (t) − δ(t)y (t)   , where ∆(t) = Φ t × Φ s (t, 0).
We next compute the coefficients of the second fundamental form of Σ. Using (5.7) and denoting by DW dt the covariant derivative of a vector field W along γ, we have (∇ Φt Φ t ) (t, 0)
(5.14) To compute g = N, ∇ Φs Φ s = N, ∇ Φs F 3 we use that F 3 is a Killing vector field that extends 
